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ABSTRACT 
The purpose of this study is to test whether measurements made from 
an intraoral radiograph and applied to formula can accurately measure 
square millimeters of attachment apparatus encasing a tooth. Two samples 
of 15 and 22 alveoli were radiographed and the amount of attachment cal-
culated by forDUla. Rubber base impressions of these alveoli were made 
and coated with wax. The coatings were carefully removed, and their out-
lines traced on millimeter graph paper. Thus, square millimeters of 
attachment were determined by direct measurement. Differences between 
the pairs of measurements were tested. The results show that the formula 
can accurately measure attachment apparatus. The relationship between 
one and two dimensional estimations of bone loss and the implications of 
the study are discussed. 
iii 
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INTRODUCTION 
Alveolar bone loss is one of the major criteria for es ablish ng 
incidence, prevalence, and relative severity of periodontal disease . 
It is the purpose of this study to present a method for determina io 
of square millimeters of alveolar attachment apparatus by fo rmula de-
rived from simple measurements of intra oral radiog r aphs. 
The use of radiographic examination in t he evaluation of periodo -
tal disease has been well established. With roentg enographi c anal sis , 
root morphology, root proximity , quality of existing restorations , as 
well as dental and osseous pathology can be detected. Radiographs are 
permanent records, and, as such, can be read at any ti me, by any quali-
fied person. For this reason, the radiograph has been establ i shed as 
an excellent epidemiologic tool (1). Without t he r adiograph , t he degree 
of alveolar bone loss is usually greatly underestimated (2). 
C~rtain errors are inherent in periodontal i ndices based on r adio-
graphic estimation of marginal bone loss. Regan and Mitchell (3), using 
cadaver material, tested 28 quadrants of maxillae and mandibles, i n-
cluding gingiva. Radiographs were taken with t he gingiva i ntact, and 
measurements from a fixed point to the alveolar crest were made. The 
ginglvawas then removed, and the measurements r epeated. The average 
error between the two measurements was le ss th an one-half millimeter. 
The areatest accuracy was obtained in mandibu lar poster i ors, f ollow ed 
in descending order by maxillary anteriors, mandibular anter i ors, an 
maxillary posteriors. These results are r easonab le when t he ana omy o 
these areas is considered. In concurrence, Ritchey nd Orban (4) sh owe 
that s4perimposed images, wider interseptal crest istances, and 
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angulations whi~h deviate from parallelism to the tooth are all sources 
of error. Facial and lingual surfaces are usually at different levels 
and poorly reproduced (5-7). In a study by Goldman, Millsap, and Bren-
111&n (7), dried human maxillary and mandibular bone specimens were sec-
tioned, photographed, and radiographed from many planes. It was noted 
that the density and not the trabecular pattern around the teeth was al-
tered when either the buccal or lingual alveolar plate was removed. 
Thus, it is the quantity and not the character of bone that determines 
the typical radiographic findings. This is also true for the registra-
tion of the alveolar crest. 
lnterproximal craters can be hidden by the facial and lingual bone 
margins (8-10). Bender and Seltzer (9) created periodontal bone lesions 
in human mandibles and maxillae. Radiographs were taken before and af-
ter at fixed angulations and fixed exposure times. This experiment 
showed that the radiographic image reveals mainly the amount of cortical 
destruction. Clinically, an infrabony pocket could exist with no radio-
• 
graphic evidence of rarefaction. However, the more extensive infrabony 
lesions are usually accompanied by inner cortical bone loss and present 
a radiolucent image. According to Prichard (10), radiographic interpre-
tation of intra-alveolar bone craters is difficult; many times the pro-
per shape of bone can be ascertained only during surgery. In addition, 
the reliability of the radiograph is, of course, dependent on the method 
and degree of care used in obtaining the film. 
At present, the only measurement of bone destruction is by some 
method of assessing alveolar bone height (11, 12). Schei and Waerhaug 
(11) measured remaining bone as a percentage of maximum bone height. 
-2-
This optimum was. an arbitrary alveolar crest one millimeter f rom t he 
cemento-enamel junction. Using a translucent ruler, a line was drawn 
corresponding to the distance of the alveolar crest from t he cemento-
ensmel junction. From there, ten equidistant l ines radiated f rom a 
point on either end of the ruler. Having placed t he original margin 
at the cemento-enamel junction and the last .radius at the apex of t he 
tooth, the percentage of bone remaining could be calibrated. I f t he 
cemento-enamel junction was undetectable, bone height was considered 
to be unmeasurable. In this study, there was a definite r elationship 
between oral hygiene and alveolar bone height, even though it was ac-
knowledged that problems of cemento-enamel junction location, decision 
as to bone level, and accuracy of the radiograph created sources of 
error. Their observation that certain teeth are more subject t o alve-
olar resorption is open to question because the amount of attachment 
apparatus is not equal to each segment of the root; therefore, a t en 
percent bone loss is not necessarily a ten percent l ose of attachment 
apparatus. Bjorn (12) estimated bone destruction with an i nstrument 
similar to that used by Schei and Waerhaug. The major difference was 
that Bjorn's reference point was the entire length of tha tooth, and 
not the distance from apex to cemento-enamel junction. In addition, 
the number of radii was reduced by half to facilitate grouping of the 
data. The information was obtained from intraoral as well as panora\Ilic 
radiographs, and little difference in reliability between the t wo t ypes 
of radiography was found. This was probably an indicat i on of t he " loose-
ness" of this method in estimating percentages of vertical bone l oss 
because the error introduced in the panoramic method due to l ack of 
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parallelism must . be great. Unfortunately, in methods of assessing al-
veolar bone height by scales with equidistant divisions, individual 
divisions are not equal areas of bone loss. There is no simple rela-
tionship between interproximal bone height and square millimeters of 
remaining attachment apparatus. 
ICay, Forscher, and Sachett (13) were interested in the proportion 
rather than the actual values of the tooth which is retained in bone, 
that is, what proportion of the total surface area corresponds to the 
observed proportion of root length? For their experiment, the shape 
of the root was considered to be a right cylinder, making a change in 
volume totally dependent on the change in length of imbeided bone. 
This was tested experimentally by inunersing the extracted tooth into 
mercury and measuring the volumetric change that occurred. Measurements 
were made for total volume up to the labial cementa-enamel junction. 
The assumption of a right cylinder cannot hold true if the tooth root 
is considered in its entirety. Obviously, the apical one-third cannot 
have the same number of square millimeters of surface area as does the 
occlusal one-third. Had the fol'llalla been tested to determine volume 
for portions of roots, such as seen in periodontal pathology, the for-
Dllla would have surely failed. It has been stated that loss of one-
third bone height could involve two-thirds of the total bony support 
of a tooth (14). Robert Brown (15) directly measured the root area of 
maxillary central incisors by painting latex on extracted tooth roots. 
The latex was then transferred to graph paper, and the surface area 
counted. Measurements include: length of the tooth and estimation 
of the ·remaining attachment apparatus when two, four, and five milli-
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meters of bone recession occur uniformly around the tooth. Because of 
dissimilar root formation, from 64 to 85 percent of attachment apparatus 
remained after 2 um of bone was removed. With 4 mm recession, the amount 
of remaining bony surface area ranged from 39 to 60 percent. Obviously, 
there is a wide variation for attachment which is dependent on root form. 
Percentage loss of attachment is dependent on root morphology, and not 
on remaining alveolar height. It is important to note that pure horizon-
tal recession rarely occurs in the periodontal disease process. 
To date, no attempts have been made to score bone loss in terms of 
area of lost attachment in relation to total area. This would seem to 
be a desirable undertaking (16). 
METHODS 
Twenty-two alveoli were selected from ·two maxillary and two man-
dibular skulls to be the sample of combined anterior teeth. Fifteen 
alveoli from ten skulls were chosen to be the sample of maxillary cen-
tral incisors. 
Generation of the Alveolus by Formula 
Periapical radiographs (number one size Eastman Kodak) were taken 
with a Rinn XCP film holder using the paralleling technique. In order 
to measure the height and width of the alveolus, Everett grids (Univer-
sity of Oregon) (17) were used. These grids are calibrated by lines 
on~ millimeter apart running both horizontally and vertically. Every 
fifth millimeter is accentuated by a heavier line for easy reading. 
"In use, the grid is taped to the film and lies between object and film 
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during exposure eo that the pattern becomes incorporated in the finished 
film' .' (17). The radiographs were enlarged five times and measurements 
were taken as follows: A vertical line bisecting the alveolus was made. 
Two lines perpendicular to the vertical were drawn, one at the alveolar 
crests and the second at the midpoint from the apex of the alveolus to 
the alveolar crest line, an arbitrary point (Fig 1, 2). Two coordinate 
points were obtained, (x1 , y1) and (x2 , y2) (Fig 3), which were used to 
derive the equation of a second order polynomial (a two dimensional para-
bola) curve (Table I, II). The second order polynomial has the form 
2 y • ax + bx, where a and bare constants for a specific parabola. The 
coordinates (x1 , y1) ·and (x2 , y2) actually represent the position of 
the radii of a three dimensional object called a paraboloid (Fig 4, 5) 
(See Appendix I, II). 
Of the 15 specimens of maxillary central incisors, six had either 
a mesial interproximal alveolar height higher than the distal or vice 
versa. Calculations were made using the lower height of the two, and 
a separate set of data was obtained by dividing the additional height 
by two and using this value. In no case was the difference greater than 
a 6.45 percent increase in surface area (mean 4.86 percent). For prac-
tical purposes, the lower alveolar height was used in this series of 
measurements. 
Direct Measurement of the Alveoli 
After the radiographs of the skulls were made, remaining teeth were 
carefully removed (Fig 6, 7), and custom cold cure acrylic trays made 
and adapted to the alveoli (Fig 8). Kerr Permeplastic rubber base im-
pressions were taken in the usual compound technique, i.e. light bodied 
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material was placed in the tray and adapted over the alveoli. The sockets 
were lubricated with a separating material. After set of the rubber base 
material, the entire impression of the sockets was removed (Fig 9, 10). 
Each socket impression was separated from the adjacent one and dipped into 
l~quefied warm wax (Kerr). 
Using a Bard-Parker #15 blade, a vertical incision was made through 
the thin layer of wax, and the wax was gently teased from the impression. 
This wax layer was then superimposed upon graph paper, consisting of 
squares ten millimeters to the centimeter, and an area plotted by tracing 
around the perimeter of the wax (Fig 11). This is the actual measurement 
of the alveolar surface area (Fig 12-14). 
RESULTS 
The results of the experiments testing the formula are tabled. 
Table III lists the data for the combined anterior teeth, while Table 
IV describes data obtained from maxillary central incisors only. 
The measurements have been analyzed using differences between a 
formula and mechanical measurement of the tooth socket. This satisfies 
one assumption, that the measurements be independent of each other. 
Statistical independence implies that in no way can a measurement be 
estimated from results of any other measurement, i.e. that the square 
millimeters of attachment by formula can estimate the results obtained 
by impression. Since the purpose of the experiment is to prove that 
the two types of measurements will indeed estimate the alveolus, the 
differences create one set of data that is independent. 
-7-
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Other assumpt1.ons of the analysis are a random selection of experi-
mental units and a distribution of the size of alveoli as both continuous 
and Gaussian in nature. The Gaussian, or normal, distribution assumes 
that the measurements of all alveoli, i.e. the population of alveoli , 
are distributed in what graphically would be a symmetrical bell- shaped 
curve extending infinitely far in both positive and negative direct i ons 
(continuous distribution). The relative frequency with which a variable 
will take on values between two points is the area under the curve be-
tween the two points on the horizontal axis. What makes this distribu-
tion normal is the fact that the area under the curve is distributed i n 
a specific manner and that the frequency with which any observation will 
appear on any point in the curve is statistically predictable. 
In any experiment, a small sample is used to test hypotheses con-
cerning a large population. In this case, a test of 15 and 22 alveoli 
was used to make statements of the reliability of a formula t o estimate 
any similar anter~or alveolus. Naturally, no sample can be expected t o 
be perfectly representative of an entire population; statistical analy-
sis tests whether the variability is normal. In this case, the test 
was used to determine whether the formula actually measured the alveolus, 
even though no one measurement was absolutely perfect. 
Another purpose of analysis is to establish confidence i ntervals 
which describe how close a sample is likely to be to a population, and 
the probability of its being that close. Given a sample of alveoli, 
the confidence interval expresses the ranges of differences between f or-
mulae and actual values that could occur with ormal variability. 
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Appendix III and IV describe the statistical analysis. The results 
of both experim ents confirm the hypothesis that estimation of squa r e mil-
limeters of attachment apparatus is possible by formula with measure-
ments taken from a radiograph. Differences noted could occur by cha nc e 
only once in 20 times. Since this is not a likely occurrence, we accept 
the hypothesis that this did not occur by chance. 
Appendix III and IV also contain calculations for confidence inte r-
vals for the two sets of differences. For the combined anteriors, t he 
interval falls between -63.0 and 65.7, and for the central i nc i sor s, 
between -32.5 and 50.4. These are the zones within which 95 out of 100 
individual differences will fall. This implies t hat, for ex ample , th e 
estimation of the attachment of a 200 sq mm t ooth could, a t t he outsi de, 
be 25 percent away from the true value. However, because i n th e norma l 
distribution most observations are found around the ce nter of the bell 
curve, the error will rarely exceed 5 percent. 
In determining the relationship between two variables which a re 
interval scales, linear regression is another method of analysis. The 
degree of strength of such a relationship between two variables i s 
measured by the correlation coefficient (r ), which i s i ndepend ent of 
the units of measurement. If the entire population of th e plotted vari-
ables lies on a straight line, r will be plus or minus one, de pe ndi ng 
on the slope of the line. If the two variab les bear no relati onship 
to each other, if they are statisti c al ly independent, r will be zero. 
The correlation coefficient f or the combined anterior teeth i s .830, 
while r for the maxillary central in c isor s i s .779 . The coeffi c ients 
indicate a close associat i,on between the two ty pes of measurements and 
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confirm a visual examination of the data (Fig 15, 16), where a linear 
relationship is obvious. 
DISCUSSION 
Epidemiologic Indices 
The application of the attachment apparatus formula to existing 
indices for periodontal disease presents some interesting results. For 
example, Russell's Periodontal Index has enjoyed wide use as an epidemi-
ologic tool. It is based on a nine point scale, and is designed to be 
used with and without radiographic criteria (18). With the X-ray, scores 
0, 1, and 2 indicate normality through moderate to severe gingivitis 
with no loss of alveolar bone. A score of 4 indicates early notch-like 
resorption of the alveolar crest. Presumably, 1-2 mm of vertical bone 
'loss is the criteria for this score. Six is the score assigned to hori-
zontal bone loss involving up to 50 percent of the length of the root 
from the apex to the cemento-enamel junction. Finally, a score of 8 
indicates advanced bone loss where more than 50 percent of the length 
of the root is involved. 
The present study has shown that the first two millimeters of ver-
tical bone loss can reduce attachment bone by 22.7 percent, and that 50 
percent loss ia achieved before the vertical height of the bone has 
reached one-half the length of the root. It appears that the Russell 
Index tends to distort the severity of periodontal disease in terms of 
bone loss. Too little weight is placed on early reduction of alveolar 
hqht and too much emphasis on extensive alveolar lesions. Russell 
states: 11A numerical score is useful in epidemiologic studies only if 
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it corresponds, in magnitude, with the severity of the disease to which 
it is applied.'' He goes on to state that although simple gingivitis 
and adv need disease were easy to score, much difficulty was encountered 
in scoring in the mid ranges. This study indicates that problems en-
countered in the Russell Index relate to the fact that vertical bone 
loss is a poor criteria for severity of disease without consideration 
of the total shape of the alveolus. 
Further Analysis of the Alveolus 
The formula derived will find favor in epidemiologic use because 
of its general accuracy and simplicity; however, it was found that a 
pure parabolic figure is somewhat constricted at the coronal aspect and 
relatively "bulging" in the coronal-middle area (Fig 17) . On examining 
the radiographs in this study, it was found that the coronal half of t he 
socket could be closely estimated as a truncated cone. This i s similar 
in appearance to an ice cream cone cut .in half (Fig 18) . This led to 
the development of a second formula which more accurately estimates the 
critical coronal half of the alveolus • 
. 
Table V shows that for the first millimeter of alveolar bone l ost 
circumferentially, there is a reduction of 11.6 percent in total support. 
If two millimeters of bone are lost, then 22.7 percent of support i s 
lost. Further values can be derived from column IV. It must be remem-
bered that when an osseous procedure is done, not all of the circum-
ferential bone is removed, except in cases where increased clinical 
crown heiaht is needed. In many cases, just the buccal and lingual 
bony supporting plates are recontoured to create parabolic architecture 
(19-21), and the interproximal regions treated via osteoplasty. This 
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means that, at most, only half of the calculated bone loss value is 
applicable in the above situation. 
Figure 19 depicts the plotting of alveolar height versus percent 
bone loss of column IV and V of Table V based on an alveolus 14 mm high. 
Goldman et al state: "In the cone-shaped root, a bone level one-third 
reduced from the crest involves almost two-thirds the total support" 
(14). According to the derived formula, if the height were decreased 
by one-third, then instead of losing 66 percent, only 42 percent would 
be lost. 
If one examines column V (Table V), one sees that it is an arith-
metic progression (straight line). Some investigators believe that if 
one only considers vertical height of bone lost, this correlates with 
reduction of support. According to this theory, if 7 of 14 mm is re-
sorbed, then 50 percent of support is gone. This is obviously unsound 
reasoning, and according to the plotting of column IV, one can see that 
66.7 percent of bone support is reduced when vertical height is diminished 
by 7 DIil. For a 14 mm high alveolus, any percent of bone loss can be es-
timated by reference to the abscissa and ordinate. For example, to find 
out at what vertical height there would be 50 percent loss of alveolar 
bone, just extend an imaginary line at the 50 percent value until it 
intersects with the curve of column IV; the value is 9 mm. 
One very important application of this composite fot'l!llla is the 
determination of the amount of bone loss from the radiograph on a pre-
dictable basis. If we use the assumption that the base of the sulcus 
is at the cementa-enamel junction, then the distance from this radio-
graphic reference point to the alveolar bone crest is 1.71 mm in a 
-12-
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clinically normal -mouth (22). To assess the amount of bone lost one 
would measure the millimeters lost from the cemento-enamel junction and 
subtract the constant value of, for example, 1. 71 nnn from this value 
(Fig 20). 
Since the height of alveolar bone l oss is now known, the sides of 
the truncated cone can be extrapolated to i ntersect wit h a l ine drawn 
perpendicular to the original height. This will give ue a new se t of 
coordinates, (x 4 , y 4), which will behave as t he original se t , (x1, y1). 
(X4 , y4) will now represent the new alveolar height. The new program 
was calculated using three sets of coordinates (Fig 21). To c alculate 
the surface area of bone lost, just subtract t he total area obtained , 
using values of (x 4 , y4), from those of (x1 , y 1) (Appendix II). 
The values in Table VI, column II, do not exactly co incide with 
column 111 due to the slight variance in functional l imits. One can 
easily see that the difference between these two columns i s negligible. 
With these measurements and easy extrapolation, one can, i n r etro-
spect, know how 11a1ch alveolar support an individual had i f his perio-
dontium was in an ideal environment. 
Lia1itations 
One must always bear in mind that clinical j udgment of a r adiograph 
is a dominant factor in the generalization of thi s f ormula. Abnormality 
in root structure, such as dilacerations and clubbing at th e apex, occ urs. 
Root anatomy that varies greatly from the normal parabol i c sh ape al so 
could be a contraindication for the use of this f ormula. 
-13-
Another consideration is the occurrence of dehiscences and fenes-
trations. Obviously, it has been and is a perplexing diagnostic problem 
to the periodontist, and may severely reduce the amount of bony support. 
Since these lesions are not visible radiographically, this is a potential 
source of error. However, in any large study it is doubtful that any 
gross error would be introduced by this problem. 
Cross-sectional areas of the various teeth, as compared to the cir-
cular cross-section of the paraboloid of revolution (23), present interes-
ting differences. The cross-sections of the maxillary and mandibular an-
terior teeth at the tooth cervix are shown in Figure 22. However, when 
one examines Column IV of Table III, it can be seen that the difference 
between the formula and direct measurements closely follows the diagram 
in Figure 22 (i.e., the mesiodistal width is taken to be the radiographic 
' 
radius). The lower anteriors have a narr~ ribbon-shaped root, and a 
· circle fits well within the confines of this area. It is here that the 
formula has a lower value than the direct measurement. It is also quite 
evident that the majority of alveoli have a lower buccal and lingual 
height than in the interproximal zones. The revo _l ved parabola does not 
have this buccal and lingual dip, as shown in Figure 22. This is one of 
2 the reasons for subtracting a constant value of 15 mm from the original 
derived equation. 
Every effort m.ist be made to obtain accurate radiographs. The 
paralleling technique has been used so that these errors would be mini-
mized. Measurement of the alveolar housing from the radiograph is dif-
ficult and demanding. Any investigator should standardize his methods 
and crfteria for obtaining alveolar height and width. 
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The impression materials used also have an inherent volumetric 
change; however, this may be assumed to be negligible. Another poten-
tial source of error which might have occurred in ·this study was dis-
tortion in adapting wax to the impression of the alveolus, and later 
in transferring the mold to the graph paper. 
-15-
CONCLUSIONS 
Bone loss is one criterion included in almost every i ndex of per io -
dontal disease. However, it has been obvious that t he estimation of 
vertical height on one plane was highly inadequate (8) . The square mi l-
limeters of attachment apparatus, as estimated by t he r adiograph and 
formula, overcome this defect. The formula is easy to use and gives r e-
sults within an acceptable margin of error. 
Currently the trend in periodontics is toward grafting procedures 
in an effort to increase the level of alveolar housing. The need f or a 
more accurate method to evaluate the results of these procedures i s ob-
vious. One can estimate the increase in support i n a manner s imilar t o 
that described for measuring the loss of support. I f a t wo wall 7 mm 
interproximal crater is filled in a 14 mm alveolus, one can go t o 
Table V and see that 66.7 percent of bone is lost, i f the l esion i s 
assumed to be circumferential. We are interested in one side, or one-
fourth of the circumferential value. Therefore, approximately 16. 6 
percent of support is added. It is seen that the quantification of 
the alveolus is possible, practical, and can be a useful, productive 
diagnostic tool. 
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APPENDIX I 
APPROXIMATION OF THE SURFACE AREA OF A TOOTH 
ALVEOLUS BY A SECOND ORDER POLYNOMIAL 
We are given the following conditions: 
y • ax2 +bx+ c that goes through two 
and the origin. Then find the surface 
paraboloid generated by revolving this 
Find a second order polynomial 
points - (x1,Y1), (x2,Y2) 
area, from x = 0 to x O x, of a 
curve about the x-axis. 
Part I: Derivation of a second order equation describing a parabola. 
The first requirement 
polynomial. When the 
then: 
is to find the coefficients a, b, c of the 
curve is restricted to go t hrough th e origin 
y • ax 2 +bx+ c and C • 0 
and 2 y • ax + bx 
~-Y= a x~bx 
0 
Now a and bare found by solving 
tuting the coordinates (x 1 ,y 1), 
simultaneous equations by aubsti-
(x2,y2) into y ~ ax2 + bx: 
2 (1) yl • a(~) + b(~) 
2 (2) y 2 • a(~) + b(x 2) 
If one multiplies equation (1) by x2 and (2) by x1 , the unknown b by subtracting equation (2) from (lJ . 
2 ylx2 • ax2(xl) + bxlx2 
2 
~y2 a axl(x2) + bx2xl 
-17-
one can elimin ate 
Appendix I-2 
Solving for a: 
(3) a• Y1X2 - X1Y2 
xlx2 (xl - x2) 
Now from equation (1): 
2 (4) b • Y1 - a(xl) 
If we substitute equation (3) into (4) we obtain the value of bin 
terms of the known values, the coordinates: 
flX2 - xly2 2 y - (xl) 1 
(5) b • xlx2 (xl - x2) 
~ 
xl 
Equation (5) can be reduced and simplified to: 
2 2 
(6) b • xl Y2 - ylx2 
xlx2 (xl - x2) 
Part II: Derivation of the equation of a paraboloid of revolution. 
Now the coefficients of the polynomial are known, and we can find 
the surface area. The general equation for the surface area of a 
' curve revolved about the x-axis* 
x, 
(7) S.A. • 2YJx ds, 
0 
then (8) 
• 
where ds is the increment on the 
curve and expressed as: 
dx 
2 
dx 
Taylor, A.E.: Calculus with Analytic Geometry. Englewood Cliffs, 
N.J. 1 Prentice-Hall, Inc., 1961, p. 378 
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Appendix I-3 
After various substitutions using trigonometric values and integra-
tion and differential equations, we obtain the final formula: 
(9) S.A. • T 
2a2 
1 
3 
(l+i) J/ 2 - (l+b 2) J/ 2 + _: b b (1+b2J-£ (1+ 
2 
+ 1 b sin h-l (b) - sin h-l ( £) 
2 
where Cl -
------
£ • 2ax 1 + b 
It bas been found that the equation (9) had uniformly higher values 
than measured values from the impressions by a constant of 15 square 
millimeters. Therefore, the final equation is: 
(10) 2 S.A. • Equation (9) - 15 mm 
-19-
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• APPENDIX II 
Computer Data 
• 1-r"' ______________________ _ 
• 
6
-- -- ,.-z-,·r.-u,:-s- o:-cr----- - --- -
• 
5
s urTace area Ts 134 -:?TI square mm-- --
4-a- ..... l-s--,O-. 3----6--, =s--.2.-.-,g---------.- . --- -
- -:1·• . .. 
- The four numbers represent the following: x1 y1 x2 y2, which depict 
two sets of coordinates. The computer calculated the surface area and 
also the constants a and b for each alveolus, as derived in Appendix I. 
•~C£ut 3 sets of points __________ _ 
• 11 _ _ 4. 0 14. 0 2. 3 7. O_ 1. C 3. 5 ____ _ 
l'liQ h h t v rec1 
14 ~07.12 
• 13 182.75 6-- ---- - - - - - - - - ------- - --12 15£.!l 
11 138.59 ~5 __ __ _ _ _ _ _ _ _ _ _ _ _______ _ _ _ 
ria, 10 118.79 
4 !) 100.53 
~This data sheet has three sets of coordinates - x4y4, x2y2 , x3y 3 - incor-
porating the combined truncated cone and paraboloid (See Fig 21). The 
left hand column is a millimeter by millimeter analysis of alveolar height 
and the right hand column is the corresponding area. This analysis is of 
the critical crestal half of the alveolus that includes only the truncated 
cone. 
-20-
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APPENDIX III 
COMBINED ANTERIOR TEETH 
Analysis: 
-1. Hypothesis: d • 0 (the difference between the formula measure-
ment and the actual measurement is 0) 
2. oc =- .05 level of acceptance 
-
~. Statistic: t • d - 0 
4. If the sample has a normal distribution and if there is no difference 
in measurements, then this statistic (these data) has at distribution 
with 22 - 1 degrees of freedom (tabled). 
5. Reject if t > 2.080 or < -2.080 
6. Compute: N = 22 
s d 2 • 20 5 2 5 - [< 9 6) 2 / 2 2] = 957.4329 
21 
t 
-
-1.36 
= -.17 
7. Since-.17 is between -2.080 and 2.080 we accept the hypothesis. 
There is no evidence to conclude that there is any difference 
between the two types of measurements. 
95% Confidence Interval for Differences: 
-CI= d t tsd 
CI a 1.36 ! {2.080 x 30.94) 
CI a ·1.36 :!: 64.3552 
Cld • -63.00 to 65.72 
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APPENDIX I V 
fENTRAL INCISORS 
Analysis: 
-1. H d = 0 
0 
2. oc::. = • 05 
-3. Statistic: t = d - 0 
4. If the sample has a normal distribution, and if there is no difference 
in measurements, then this statistic has at distribution with 15 - 1 
degrees of freedom. 
5. Reject if t > 2.145 or < 
-2.145 
6. Compute: N = 15 
2 
s =- 6432 -d = 376.45 
14 
-
= \p16.45 - 19.40 
t - 8.80 = 1.75 
7. Accept the hypothesis. There is no evidence to conclude that there 
is any difference between the two types of measurements. 
95% Confidence Interval for Differences: 
CI a d t t14 dfsd 
Cl a 8.80 ± (2.145 X 19.40) 
CI - 8.80 ± 41.613 
Cld = -32.8 to 50.4 
-22-
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TABLE I 
Coordinates from Radiographs of Combined Anterior Teeth 
(in mm) 
Skull-Tooth (xl, yl) (x2, y2) 
• 
XI Y1 x2 
5 - 3 3.30 12.60 2.50 
5 - 2 2.50 12.50 1.70 
5 - 1 3.40 12.10 2.15 
5 - 2 2.95 11.40 2.10 
6 - 3 3.00 13.60 2.00 
2 - 2 3.00 14.00 2.00 
2 - 1 3.90 13.00 2.50 
2 - 1 3.30 12.50 2.50 
2 - 2 
~ : 
3.00 14.00 2.00 
2 - 3 2.90 17.70 2.15 
3 - 3 3.25 16.50 2.50 
3 - 2 1.80 13.00 1.30 
. 
3 - 1 1.80 11.00 1.25 
3 - 1 1.90 9.30 1.25 
3 - 2 1.90 12.70 1.60 
3 - 3 3.00 14.00 2.50 
1 - 3 3.50 14.70 2.50 
-1 - 2 2.10 11.70 1.35 
1 - 1 1.90 9.00 1.50 
' 
1 - 1 1.60 9.75 1.40 
1 - 2 1.90 11.00 1.25 
. 1 - 3 2.60 12.50 2.25 
(x 1 , y 1 ) refers to alveolar crest coordinate 
(x 2 , y 2) refers to the mid-alveolar height coordinate 
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Y2 
6.30 
6.25 
6.00 
5.75 
6.80 
7.00 
6.50 
6.25 
7.00 
8.85 
8.25 
6.50 
5.50 
4.90 
6.35 
7.00 
7.35 
5.85 
4.50 
4.86 
5.50 
6.25 
I TABLE II 
Coordinates from Radiographs of Maxillary Central Incisors 
(in mm) 
Skull-Tooth 
R 1 
R 2 
L 2 
R 3 
L 3 
L 4 
R 5 
L S 
R 6 
L 6 
R 7 
L 7 
R 8 
R 9 
L 9 
' 
2.50 9.4 2.15 4.70 
3.75 15.7 2.50 7.80 
3.65 14.0 2.35 7.00 
4.00 14.5 2.75 7.25 
3.60 15.0 
' 
2.25 7.50 
3.25 11.0 I 
I 
2.50 5.50 
3.50 10.8 2.75 5.40 
1, 
I 2.90 10.2 2.00 5.10 
I 3.60 12.2 2.00 6.10 
I 2.90 12.0 2.10 6.00 I 
I 
4.00 13.4 2.25 6.70 
' 3.50 12.8 2.40 6.40 
3.00 14.0 2.30 7.00 
3.50 12.5 2.35 6.25 
3.60 13.2 2.00 6.60 
refers to the alveolar crest coordinate obtained from the 
intersection of the alveolar crest and a line perpendicular 
to the bisecting line of the alveolus. 
(x 2 , y2) refers to the mid-alveolar height coordinate obtained from 
the intersection of the mid-alveolar height line and the 
alveolus. 
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TABLE III 
Results Combined Anterior Teeth 
. 
Tooth Formula Direct Meas. Difference d 2 
(a) (b) (a-b:ii:d 1) 1 . 
s - 11 182 141 41 1681 
5 - 1-1 112 101 .11 121 
5 - u.. 144 131 13 169 
5 - u. 130 140 -10 100 
5 - 12 148 196 -48 2304 
. 
2 - 1.J 153 155 - 2 4 
2 -
.11 183 150 33 1089 
2 - LL 169 150 19 361 
2 - k_ 153 130 23 529 
2 - b.. 217 256 -39 1521 
3 - 3) 244 247 - 3 9 
3 - 2) 86 121 -35 1225 
3 - 11 . 67 98 -31 961 
3 - rr 78 113 -35 1225 
3 - 12 135 116 19 361 
3 - p 236 217 19 ·361 
. 
. 
1 - 31 222 207 15 225 
1 - 2' 79 117 -38 1444 
1 - 1) 72 91 -19 361 
1 - (i 101 93 8 64 
1 - rr 67 139 -72 5184 
1 - rr 213 178 35 1226 
Totals of 22 measurements: -96 20,525 
Column I - Skull number, tooth and arch designation • ..J is maxillary 
right; , is mandibular left. The numeral 1 indicates a 
central incisor, 2 a lateral incisor, and 3 a cuspid. 
Column II - Square millimeters of attachment as determined by forlll.lla 
from radiograph. 
Column III - Square millimeters of attachment as determined by i~pression 
and wax mold. 
Column IV & V- The differences and the squares of the differences between 
column II & III for the purpose of analysis. See Table III. 
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TABLE IV 
Maxillary Central Incisors 
(Measurements in sq mm) 
Tooth & Formula Direct Meas. Difference 
skull (a) (b) (a-b=id1) 
R 1 145 125 20 
R 2 222 203 19 
L 2 184 191 
- 7 
R 3 226 189 37 
L 3 189 168 21 
L 4 160 170 
-10 
R 5 179 141 38 
L 5 109 128 
-19 
R 6 139 152 
-13 
L 6 139 146 
- 7 
R 7 174 192 
-18 
• L 7 170 150 20 
R 8 186 162 24 
R 9 163 146 17 
L 9 151 141 10 
Totals of 15 measurements: 132 
(For explanation of coluums, see Table III) 
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d 2 
i 
400 
361 
49 
1369 
441 
100 
1444 
361 
169 
49 
324 
400 
576 
289 
100 
6432 
. TABLE V 
Calculations from an Average Alveolar Housing 
Column I Column II Column III Column IV 
Height Radius Surface Area % loss of 
(mm) (mm) (mm) alv. bone 
14 4.0 207 
-
13 3.8 183 11.6 
12 3.6 160 22.7 
11 3.4 139 32.9 
10 3.1 119 42.5 
9 2.8 101 51.2 
8 2.5 84 59.5 
7 2.3 69 66.7 
6 2.1 52 75.0 
5 2.0 44 79.0 
4 1.8 28 86.5 
3 1.4 17 91.0 
2 1.1 9 9~.o 
1 0.7 3 99.0 
Column I - Vertical height of alveolus. 
Column II - Radius of the alveolus at the corresponding height. 
Column III - Calculated surface area from formula. 
Column V 
Arithmetic 
Progression 
-
7 
14 
21 
28 
36 
43 
50 
57 
64 
71 
79 
86 
93 
Column IV - Percentage bone loss, calculated by subtracting the surface 
area at any particular height by the total area, then 
divided by the total area 
(207 - S.A.) 
207 
x 100 • percentage loss 
Column V - Arithmetic values: If 1 mm of vertical height were lost, 
then 1/14 of support is lost; if 2 mm of support were lost, 
then 2/14 of support is lost (this does not take into 
account the surface area). 
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TABLE VI 
Estimation of Original Alveolar Housing 
Column I Column II Column III Column IV 
Height Surface area of Surf ace area of Difference 
in DID extrapolated cone actual X-ray III - IV 
in mm in mm 
16 260.84 - -
1:5 233.33 - -
14 207.36 207.12 +.24 
13 182.93 182.75 +.18 
12 160.03 159.90 +.04 
11 138.67 138.59 +.08 
10 118.84 118.79 +.05 
9 100.55 100.53 +.02 
8 83.79 83.79 -
7 68.57 68.57 -
Coiumn I - Extrapolated height of alveolus. 
Column II - Surface area of extrapolated height equation. 
Column III - Surface area of actual X-ray. 
Column IV - Column II minus Column III 
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Figure 1: This is a radiograph with a superimposed Everett grid. 
The maxillary right central incisor has the x- and y-
axis drawn in along with two horizontal lines. One line 
is at the alveolar crests and the other at a point mid-
way between the apex and crestal areas. The vertical 
line is bisecting the alveolus. 
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Figure 2: 
' 
'This is a radiograph of other specimen alveoli. There, 
die teeth were missing from the specimen. Analysis is 
the same as for Figure 1. 
• 
-32-


Figure 3: 
• 
ls a line drali7ing of a typical radiograph depicting a 
vertical line, the y-axis, bisecting the alveolus. The 
coordinate, (x1 , y1) is the crestal height of the al-
veolus; (x2 , y2) is the mid-crestal height determined 
by a line perpendicular to the y-axis and intersecting 
the alveolus • 
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y 
--------Ji~-------~x 0 
FIG. 3 
-· .
Figure 4: 
Figure 5: 
Shows the coordinates of the points (x1 , y1), (x2, y2) 
as radii of revolution. These radii will be revolved 
about the y-axis. 
Is a three-dimensional view of a paraboloid of revolution 
obtained by revolving the two-dimensional parabola 360• 
about the y-axis. 
.. 
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0 
FIG. 4 
FIG. 5 
Figures 6 and 7: These are photographs into the alveoli of skulls 
used in the study. Note the variation in shape 
of the alveoli and the internal rough texture due 
to marrow spaces and projection extending from the 
alveolar wall. 
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Figure 8: 
Figure 9: 
, 
This custom cold cure acrylic tray was adapted to the 
specimen to insure the least distortion in the impression. 
This is the impression of the alveoli within the acrylic 
tray. It is a simple matter to separate each alveolus 
to proceed with wax coating. Note how dramatically the 
, 
amount of atta~hment apparatus present on the cuspids 
compares with that of the centrals and laterals. 
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Figure 10: 
Figure 11: 
This is an enlargement of the alveolar impression seen 
in Figure 11. Of interest is the tortuous outline of 
the alveolar crest. 
This photograph depicts the rubber base alveolar impres-
sion with it~ wax pattern. Vertical incision along the 
warm wax facilitates removal and minimizes distortion. 
The outline can easily be traced on the graph paper and 
the square millimeters of attachment apparatus computed. 
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,I 
I 
Figure 10: 
Figure 11: 
This is an enlargement of the alveolar impression seen 
in Figure 11. Of interest is the tortuous outline of 
the alveolar crest. 
• 
This photograph depicts the rubber base alveolar impres-
sion with it~ wax pattern. Vertical incision along the 
warm wax facilitates removal and minimizes distortion. 
The outline can easily be traced on the graph paper and 
the square millimeters of attachment apparatus computed. 
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Figure 12 and 13: Maxillary Anterior Sample• Wax Tracings 
Depicted are tracings of the wax patterns created by 
dipping the direct alveolar impression into molten 
wax. Mand or max refers to a particular sample skull. 
The numbers ~elow the pattern are the size of the 
alveolus in square millimeters. 
R • right 
L • left 
1 • central incisor 
2 • lateral incisor 
3 • cuspid 
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Figure 13: Maxillary Anterior Sample Wax Tracings 
See legend for Figure 12 
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Figure 14: Maxillary Central Incisors - Wax Tracings 
The numbers below the pattem are the direct measurement 
of alveolar housing in square millimeters. The symbols 
above the pattern refer to right or left and the appro-
priate skull in the sample. 
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Figure 15: Maxillary Central Incisors 
This scatter diagram graphically describes the relation-
ship between for1111la measurements on the horizontal axis 
and the direct measurement of the alveolus on the vertical 
axis. The linear relationship between these data is 
obvious. 
The correlation coefficient (r) is .779. Interestingly, 
the data points stay close to the regression line through 
a 100 sq mm change in the size of the alveolus, indicating 
the ubiquitous potential for the formula. 
\ 
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Figure 16: Combined Anterior Teeth 
These data, with a combination of anterior teeth, describe 
. 
that which was shown in Figure 15 with the central incisors. 
Again, the linear relationship between the variables is 
dramatic. In this case, the correlation coefficient (r) 
is .830. The range of measurement is from 90 sq mm to 
over 250 sq mm. 
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Figure 17: 
~igure 18: 
Is the comparison of a parabola and a truncated cone in 
the upper half of the alveolus. The truncated cone is 
shown as a dotted line. 
Is a three~dimensional view of a truncated cone. The 
upper part has a larger radius than the lower part. 
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FIG.17 
FIG. 18 
Figure 19: Is a graph comparing alveolar height with percent alveolar 
bone lost. The hollow circles correspond to a simple 
arithmetic progression, while the dots correspond to the 
mathematical data. It can clearly be seen that the for-
aila values are consistently higher than the arithmetic 
progression. 
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Figure 20: Includes an overlay which shows a ccmplete alveolar 
housing. The bottom sheet shows the alveolus with a 
certain amount of bone loss. The red-dotted line is 
extrapolated from the straight line of the truncated 
cone until it meets the line of the calculated original 
alveolar housing. 
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Figure 21: 
• 
.. 
Shows four sets of coordinates. The first three sets, 
(x1 , Y1), (x2 , Y2), (x3 , y 3) d~scribe the combined for-
1111la using the trlmcated cone zone (x1 , y 1), (x 2 , y 2) 
and the parabolic z~ne (x2 , y 2), (x3 , y 3), where (x3 , y 3) 
is a point at the mid-alveolar height in the parabolic 
region. 
The point (x4 , y4) is the extrapolated theoretical value. 
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Figure 22: 
Figure 23: 
The cross-sectional areas at the cervical regions of 
maxillary and mandibular anterior teeth are shown. 
The right-hand colui!lll ts the mandibular teeth, while 
the left hand column is the maxillary teeth. 
The left figure is a two-dimensional view of the mathe-
matical model, while the right figure is the view of an 
alveolus with a parabolic buccal osseous "dip". 
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